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ABSTRACT: Recently it has been conjectured that N’ = 6, U(N )i x U(N)_x Chern-Simons
theory is dual to M-theory on AdSy x S7/Z;. By studying one-loop correction to the M-
theory effective action, we calculate the correction to the entropy of thermal field theory at
strong coupling. For large k level, we have also found the o’ correction to the entropy from
the string correction of the type ITA effective action. The structure of these two corrections
at strong 't Hooft coupling are different.
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1. Introduction

Following the idea that the Chern-Simons gauge theory may be used to describe the coin-
cident M2-branes [, Bagger and Lambert [P] as well as Gustavsson [[f] have constructed
three dimensional A/ = 8 superconformal SO(4) Chern-Simons gauge theory based on 3-
algebra. It is believed that the BLG theory at level one describes two M2-branes on R®/Z,
orbifold [H].

The signature of the metric on 3-algebra in the BLG model is positive definite. This
assumption has been relaxed in [[f] to study N coincident M2-branes with N > 2. The
so called BF membrane theory with arbitrary semi-simple Lie group has been proposed
in [ff]. This theory has ghost fields, however, the unitarity returns by gauging the global
shift symmetry for the Bosonic and Fermionic ghost fields [fl]. This gauged BF membrane
theory is argued to be equivalent to the three dimensional A" =8 SYM theory [ff.

Another approach to study multiple coincident M2-branes is proposed by Aharony-
Bergman-Jafferies-Maldacena (ABJM) [§]. They consider a particular brane configuration
which preserves N' = 3 supersymmetry. At low energy, by integrating out the massive
modes of the brane configuration one finds U(N); X U(N)_x Chern-Simons conformal
field theory which preserves N' = 6 supersymmetry. This theory is renormalizable and is
consistent even at high energies. By lifting the brane configuration to M-theory they have
shown that the gauge theory is equivalent to the low energy theory of N coincident M2-
branes in orbifold R®/Z;. Using the AdS-CFT correspondence, then they have proposed
the duality between N = 6 Chern-Simons theory at level k£ and M-theory on AdSy x S7/Z;,.
For further study of the theory of multiple coincident M2-branes see [[LT].



In this paper, we are interested in studying the entropy of the above gauge theory
at finite temperature. At weak coupling, A < 1, the entropy is given by the free field

theory [f]

S = 3V, N2T? (L(g) + O(A)) . (1.1)

™

At strong coupling and at small & level, the entropy is given by the area of the Schwarzschild
AdS4 X 57/Zk E]

(1.2)

The correction to the above entropy in which we are interested, i s coming from one loop
corrections to the Schwarzschild AdSy x S7/Zy, solution. At strong coupling and at large
k, one expects similar behavior for the entropy from the type IIA supergravity. We will
also find ([.9) from type ITA supergravity and its o/ correction. In the presence of higher
derivative corrections, the entropy can be calculated using the Wald formula [J] or the free
energy method [[[(].

An outline of the paper is as follows. In section two we briefly review the p-brane
solutions of M-theory at tree-level. In third section we compute the corrections to the
Schwarzschild AdS; x ST in the presence of higher derivative corrections to the eleven
dimensional supergravity action. In subsection (3.1) we calculate the entropy using the
Wald formula and in subsection (3.2) we find the same result for entropy using the free
energy method. In section four, we find the entropy of the U(N)j x U(N)_j Chern-Simons
conformal field theory at strong coupling and at small k, which is given by the the entropy
of Schwarzschild AdSy x S”/Z;, at one-loop. In subsection (4.1), we calculate the entropy
of the thermal field theory at strong coupling and at large level k from studying the type
ITA supergravity, and find its o/ correction. Finally in the last section, we calculate the
entropy of Schwarzschild AdS7 x S* at one-loop which is the entropy of the world-volume
theory of N coincident M5-branes at strong coupling.

2. Review of M-theory

The eleven dimensional supergravity action and its one loop corrections is given by
1 11 L
— /d :E\/—g<R - ﬁF(n) + YW, (2.1)

2514

S =

4
where v = 472k}, /3 and W in terms of the Weyl tensors is

W = Chmnkc O, 7P lchkmnc C,rsPC 2.9

- pmnq“h rsk 2 pgmn'“h rsk - ( . )

One set of solutions to the tree-level part of the above action is the non-extremal p-brane
solutions in D = 11 dimensional space-time (see e.g. [[J])

p
i = H() 5 (= g+ Y () + S (g0 a0 ).
=1
Friyvipr = Etil---ier(T)_2%, (2.3)



where D = (p+ 1) +d and d is the number of dimensions transverse to the p-branes. The
functions H and f are H(r) =1+ (%)d_2 and f(r)=1-— ("TO)d_2
the relation between L and Q is

. In the above equation

Q2

L2(d—2) + Ld—QTIOi—Q — (d_ 2)2 )

(2.4)

For rg = 0 we obtain the extremal solution, depending only on a single parameter, Q,
related to the charge density of the BPS p-brane. For rg # 0 a horizon develops at r = rg.
To obtain the near horizon geometry, we take the limit 7 < L. In this limit the relation (P.4)
simplifies to L4~2 = Q/(d — 2), and the non-extremal solution becomes

d 2 r 2(;4:12) 1 To d-2 d 2 z d \2
@ =(3) —< -(3) > ”;W)
+L)2dr2 + L*(dq-1)?,
(1-"7)
T‘d_3

Fiiy.iyr = (d — 2)5152'1---@'er , (2.5)

which is the product space of S9! with the Schwarzschild black hole in AdSp_g41. Ac-
cording to the AdS/CFT correspondence, there is a finite temperature field theory dual to
the M-theory on Schwarzschild black hole in AdSp_g.1 x S

3. M2-branes in flat space

The field theory of large N M2-branes in flat space is dual to M-theory on AdSy x S and
its finite temperature is dual to M-theory on Schwarzschild AdS, x S”. At strong coupling,
the filed theory is dual to eleven dimensional supergravity on Schwarzschild AdSy x S”.

The entropy and the temperature of field theory are given by the corresponding quantities
in Schwarzschild AdS, x S7,

7
2 3
S = V2T2§772N2 , (3.1)
which is the area of the horizon of Schwarzschild AdS; x S7. The background and sub-
sequently the entropy and temperature of the field theory are modified by the one-loop
corrections. By including the higher derivative terms one needs to consider a general
ansatz for the metric and field strength, and then finds the deformations of the near hori-

zon geometry of M2-branes. We start with the following ansatz for the metric

2
ds* = S (r)H?(r) <K2(7‘)d7'2 + P%(r)dr? + Z dx22> + L2S%(r)d02 (3.2)

i=1

where H(r) = 7. At tree-level, the above functions are

K(@:( _T_g>%, P(r)z%(l—:é)_%, S(r)=1, (3.3)



where we have made the space-time Euclidean and changed the variable r in (R.§) to r2/L.
The electric field strength at tree-level is also given by Frp, zyr = 32—1. Considering the fact
that the charge of membranes is independent of the loop corrections, we restrict the field
strength of M2-branes to the following form

F. = 6—T4K(T)P(T)S4"_7(r) (3.4)
TT1T2T L5 . .

Using the above ansatz, one writes the action (R.1) as an integration over r

PR\l / dr (c + ny> , (3.5)
2KT,
where
c=#+%%%w<3—ﬁﬁ@>, W= ST LSK PW . (3.6)

The Euler-Lagrange equations are

oL d oL d> or <8W dow  d? 8W> .
= =7 = YWe,

96 arov " azoer ~ '\ 96 @row T aow (3.7)

where (® = {K, P,S}). The left hand side can be computed by inserting the ansatz (B.3)
and (B.4) into the supergravity action. The right hand side of the Euler-Lagrange equation
belong to the next order of perturbations so we just need to compute it by inserting the
tree-level solutions. The value of W is

1152 <7~52 7rg 1533>

V=I5

r12 5076 4000 (38)

In the above relation the first term is coming from AdS; and the other terms result from
the fact that we have considered the eleven dimensional metric in which the radii of AdSy
and S7 are not equal. These terms makes the entropy to be different from the one that has
been found in [[J] in which only the AdS, part has been considered.

The right hand sides for the Euler-Lagrange equations (B.7) are given by

6 1
WK = —o— n (1533rl2 + 31367575 4+ 129472137 — 160800r52> :
25 [3r2 (13 — 1d)2
12 3_ .3 L
wp = ——(74718)2 1533112 — 3136r8r% + 13447379 — 26400132 ) | (3.9)
25 [5p%

ST T T95 L300 20 219 56 ) 0

192 800 7
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Notice that in D3-brane case the radii of AdSs and S° are equal so that the value of W for 5 dimension
and 10 dimension are the same.



In order to solve the Euler-Lagrange equations we use the perturbative approach. We
consider the solutions to be just some corrections to the tree-level solutions

k) = (1-8) w0

2 F3\ 3
P = 5(1-7%) v (),
S(r) = 1+~Z(r)) . (3.10)

Inserting them into the left hand side of the Euler-Lagrange equations one finds the fol-
lowing differential equations for perturbed functions:

3
0 = 100L%#1° <n - ;) [r(r?’ —r)2"(r) + 3<r3 — %) Z'(r) — 3T’2Z(’r’):| — 300L%+2Y (1)

—100L8710(r3 — #3)Y (r) + 4599712 4+ 9408r%75 + 38841613r) — 48240012

3
0 = 300L510 <n + g) [<7~3 - %)Z’(r) - r2Z(r)] — 300L°712Y ()

+100L510(r3 — #3) X7 (1) + 459912 — 9408075 + 4032137 — 79200712 (3.11)
2 91
r n°+ T — =
0 = 1500(n® + 7n + 7)L%r 10[ —r)Z"(r) + 4<7~3 - Z(])Z’(r) - 4mr22(r)]

7 3
+500 <n + §>L67’10 [7‘(7’3 —r)X"(r) +5 <7~3 — %)X’(T)
-3
—3<r3 — §0>Y'(7‘) — 127‘2Y(7‘)]
12 47\ 6 6
+(91980n — 133371)r'? + 94080 n — = ) rrf

—241920(n — 1)r°r + 144000 (n - Z)r(%? :

There is an interesting solution to the above equations. If one considers

7
n= —3 (3.12)
the above equations simplify drastically, i.e. the Z(r) dependence in the first two equations
will be canceled. Moreover, for n = —% the area of the horizon in terms of rg is independent

of S(r). We shall show that this simplifies the Wald formula when calculating the entropy.
To find the solution for above differential equations one should use the boundary

condition at the horizon. Solving the first equation gives rise to the following exact value
for Y(r)

1533 3568 r3 278478 £36 9) (3.13)

Y(r) = — o o
) L6<100 LT B T



where the constant of differential equation has been fixed by imposing the fact that the
value of Y (r) at horizon, r = ro, must be finite. Inserting the value of Y (r) into the second
equation, one will find the following solution for X (r):

X(r)

1 3568 r3 3568 8 H
<c o o4 T—°>, (3.14)

T I8

where ¢ is a constant which can not be fixed by the boundary conditions. Instead, up to
the first order of v, it can be set to zero by time scaling. Finally replacing all the above
values in the third equation, one finds the following second order differential equation for
Z(r)

1
0 = —7875 LM (3 — 32" () — 31500L%+1° <r3 - Zr%) Z'(r) + 141750 L%+ Z (r)
—4553017'% — 4082407575 + 1088640737 — 756000732 . (3.15)

Unlike X (r) and Y'(r) which have a simple series solution, here one can not find such a
behavior for Z(r). One may try to solve this differential equation with the well defined
boundary conditions at the horizon and at infinity. The solution is needed for studying
the Kaluza-Klein modes. However as we will see we do not need to know the exact form
of Z(r) for calculating the thermodynamical quantities such as temperature and entropy
in which we are interested in this paper.

3.1 Entropy from the Wald formula

One way of calculating the entropy in a higher derivative theory of gravity is the Wald
formula [g. It is given by

5—4—7T day/gH

= 5.2
2KT

S (LW gy g (3.16)
where the superscript H refers to the horizon and g is the orthogonal metric to the
horizon. In our model the orthogonal directions are 7 and r, i.e. g = g, and g = grr.
As we have mentioned before for n = —% the horizon area in terms of ry does not modify
by the higher derivative corrections, so the first term in above formula which is the area
of horizon at leading order does not modify either. So we need only the tree-level solution
to calculate the first term. On the other hand, the second term is proportional to =, so
to the first order of y one has to replace the tree-level solution into the second term too.
Therefor the first term is

4
Si = ——VBVZLor2, (3.17)
2Kk71
and the second term is A 24616
™ Y
Sy = —— VR LPr2 | ——=-L ). 3.18
2 2/{%1 2VT7 7"0( 250 L6> ( )
The final result for entropy will be
47 34616 ~y
S=_—VoVeLor2(1+ —=-L. 3.19
or2, 2T 740< 250 L6> (3:.19)



To write the above entropy in terms of the temperature, we recall that the temperature of
the black hole is given by the surface gravity at the horizon

1 d nk d
k=2 rr rTlr=ro — "5 5 K
& Vg Vg r=ro = 5K+ Bggr

As we have anticipated before the temperature is independent of Z(r) because the second
term is zero. Note that at horizon % = 7% is finite (B.15) and K/P = 0. However
the temperature does depend on corrections of K and P. So the entropy in terms of

Ly (3.20)

temperature depends on the loop correction of K and P and is independent of Z. The
temperature is

3 1o v 1383
T=——=14—— 3.21
27TL2<+L6 20>’ (3:21)
and the entropy in terms of temperature is
S = —n° LT 1+ —— 3.22
2@1(97T T 25025 ) (8:22)
Using the relations L? = N 2 K3 %, where NV is the total number of membranes and V7 = %4
one finds
5 s 41 (27\° 1. 7. 1
2 2773 1o Tard
S =WT {33 N2 4 550 <?> 263773N2}. (3.23)

Note that the coefficient of the last term, 250, is different from the value found in [[[J]. This
is resulted from the fact that we have considered eleven dimensional metric in which W is
given by (B.§) instead of four dimensional metric considered in [[Z] in which W is given by
the first term of (B.§). To double check our results we calculate the entropy from the free
energy in the next section.

3.2 Entropy from free energy

Another way of finding the entropy of a higher derivative theory is to use the free en-
ergy. Following [I{], one can identify the free energy of the theory with the Euclidean
gravitational action, I, times the temperature, T, i.e.

[ =3F, (3.24)

where 3 = % The calculation of the Fuclidean action is divergent at large distances,ryax,
and requires a subtraction. The integral must be regulated by subtracting off its zero
temperature limit, i.e.

I— 1
F= lim 0

Tmax —00 /3

: (3.25)

where [j is the zero temperature limit in which the periodicity of the Euclidean time is
defined by #. One must adjust 3’ so that the geometry at 7 = ry. is the same in the
two cases, i.e. the black hole and its zero temperature. This can be done by equating the
circumference of the Euclidean time in two cases

/B/ \/ zero temperature) | dr — /5 /g(black holo)| dr (3 26)
Tmax - TT Tmax . .
0




. . . . _ 9F
Having found F', the entropy in terms of the free energy is then given by S = —r.

Let us now try to find the entropy of membranes with this approach. To simplify
the calculations we use the observation made in the previous section that the entropy and
temperature are independent of Z(r). So we set Z(r) equal to zero in this approach. The
Euclidean action and its regulator are

V V Tmax
. 227/ dr(L + W)
2611 Jrg
21 54784 1§ o
ﬁVzV?L 303y )[1__6<3 93 6968 ;‘0 78 ;"0 48 )} 7
2K3, L 500 25 1 25 rd .« T o
/V V Tmax
JAL 7/ dr(L + W)
2611 Jo
JPV2Va s 32193
——L°r 3.27
2K Tmax L6 500 (3:27)
and the relation between 8 and (' is given by 3 = BK(r)|,,... The free energy then
becomes
) I1—1 V2V7 .3 3< 103807 >
F= lim = oL — (3.28)
Tmax—00 /3 2 11 500 L6
In terms of temperature it becomes
V2V7 16 3793 41 Y
F= LT — 3.29
262, <27 L 250 L6 (3.29)
Finally, the entropy is given by
VaVz (16 3. 9. 41 ~
S=3 L°T — 3.30
2r2, (27 Eh 250 L6 (3:30)

This is exactly the entropy that we have found in (B.29) using the Wald formula.

4. M2 branes in orbifold space

It has been conjectured that N' = 6 superconformal Chern-Simons matter theories at level
k with gauge group Uy(N) x U_g(N) is dual to M-theory on AdSy x S7/Z, []. At finite
temperature and at strong 't Hooft coupling A = N/k, the entropy of field theory is given
by the entropy of Schwarzschild black hole in AdS; x S7/Zy, ([.J). In this section we
are going to find the correction to this entropy from higher derivative corrections in the
gravity side. In the presence of higher derivative terms, the Schwarzschild AdSy x S”/Z
background is changing. We consider the same ansatz for the AdS4 part as before. So we
choose the following ansatz for the eleven dimensional metric

2
ds* = S7T(r)H?(r) (Kz(r)ah'2 + P%(r)dr? + Z d:p?) + L2S2(r)ds%7/zk , (4.1)

i=1



where the orbifold S7/Z;, can be written as follows (see e.g. [4] or [LF])
dsr/z, = dsgpa + (da+w)?, (4.2)

where

1 1 1
w=3 <cos2 ¢ — sin® 5) dy + 3 cos? € cos 01dpy + 3 sin? € cos Oadds

2
ds2 s = d€2 + cos €2 sin2g<d¢ €080 1, COS02 d¢2>

+% cos? & <d9% + sin? Hldqﬁ%) + i sin? & <d9% + sin? 92d¢%> .(4.3)

and the variables run the values 0 < § < 5,0 < x; <4m, 0 < ¢; <27 and 0 < 0; < 7. The
Zj, orbifold in « direction gives a periodicity as a ~ a + 27“ The metric of S7/Z), in terms
of the above variables simplifies to

1
dsr )z, = do® +d&? + Z(dzﬁ + cos® £dg? + sin® £dg3 + cos? £dB? + sin® £dB3)
Lo 9 .2 L 9 L.
—|—§(COS ¢ — sin” &)dady) + 5 cos & cos Ordaddy + 5 sin £ cos Ordadpo

—I-i cos? € cos 01 dipde, — i sin? & cos Oadipdsy . (4.4)

Note that the volume of S7/Zj, in terms of the volume of C Ps is Vol(S7/Zx) = 2= Vol(C Ps).

By looking at the metric one finds that the scalar curvatures behave as Raqs ~
Rs7/z, ~ 1/ L?. Using the fact that 1-loop correction behaves as W ~ R*, one observes that
the ratio of one loop correction to supergravity is of order W/R ~ 1/L5 ~ 1/(Nk) ~ A\/N2.
To find the numeric factor, we note that with the above ansatz the differential equations
in (B.13) and the temperature do not change. However the free energy (B.29) changes by a
factor of ,1€ due to integration over «, i.e.

F= LT 1+ —— 4.5
k2R, (27 T 250 L8 (4:5)

To write the free energy in terms of the number of M2-branes, we note that the total
number of M2-branes is given by

1 1 1
N =— Fipy=—— F 4.
21%%1 5712, *L (1) k 25%1 /57 *L(4) ( 6)

this gives L = (kN )% i{, So the free energy becomes

P Ly P2(kN)} 4+ (27 52%w%(1<;N)% (4.7)
EEAC T 250 \ 3 ‘ '
In terms of the 't Hooft coupling it becomes
7
23 ,N2 41 [(27\° 1 7
F=-VT3 n?2— 4+ — [Z=) 2673V . 4.8
’ {347T\/X+250<3> Wf} “8)



The first term is the same entropy as in ([.9), and the second term is the one loop correction
in the gravity side. Note that this expression is valid for strong 't Hooft coupling and for
large N, i.e. the second term is small with comparing to the first term.

4.1 Large k limit

The radius of « circle is large whenever k° < N, so the M-theory description is valid for
small k. However for larger value of k the circle becomes small, the curvature becomes
large, and so all higher derivative terms of M-theory are relevant to our calculation of
entropy. Hence, in this case, one should reduce the M-theory to a weakly coupled IIA
string theory. So consider the reduction of the M-theory background to the string frame
of ITA as

ds?_y, = e 23ds? , + '3 (Ryda + A)?, (4.9)

where Ry1 = gz/ 3lp is the radius of the eleventh direction with angle &. Compar-
ing the above metric with (f.1), one finds & = ka, the string coupling to be g2e?® =
9?13/ (R}, k%) = 2°/27\/N/K5, and the metric in ITA string theory to be (kRy1/L)ds?, =
ds%d&l + L2d8% p3- Reduction also gives a two form magnetic field strength as

F(g) = dA = k:dw . (4.10)

Additionally, we have a four form electric field strength as before which is Frz,z,r = ?’LLSQ

The type IIA prescription is valid if £° > N. By looking at the metric one finds
that the scalar curvatures behave as Raqs ~ Rops ~ kRi1/L? ~ \/k/N. The first o
correction to the type IIA effective action can be written in terms of W. Using the fact
that W behaves as W ~ R*, one observes that the ratio of a/-correction to supergravity
is of order W/R ~ (k/N)®2. On the other hand, the ratio of one loop string correction to
supergravity is of order R*/(e 2?R) ~ 1/Nk. Since loop correction of M-theory and type
ITA both behave as 1/Nk, one expects that the numerical value of string loop correction
to be the same as the M-theory loop correction (f.§). So we concentrate on o’ correction.
If N ~ k> 1, then string loop correction is suppressed and o/-correction is important.
Considering the o/ corrections to the effective action, we are going to find their effects on
the background solution and subsequently on the entropy. So consider the Lagrangian of
type II theory in the presence of first o/ correction which is given by

_ 11 11 _
S = i [ 4% Va{ e (R 4007) - L1 - gy +ae W b (a)

where v = £((3)(a’)®. We choose the following ansatz for the metric

L _ r\? 2
ds%IA = (mll) S 6(7‘) (E) <K2(r)d7'2 + P2(7‘)d7‘2 + ; dmf) + L252(7‘)d8%1)3] ,
(4.12)
and for the electric four form
6rt T
Froizgr = FK(T)P(T‘)S (r). (4.13)

— 10 —



Again using the perturbative method (B.1()) we are able to compute the corrections to the
supergravity solution, i.e.,

7‘8 3 v (kR 3 7‘8 7*8 7‘8
K(r) = < —ﬁ> [HE( 7 > (—136ﬁ —136r—6+88ﬁ>] ,
L? AN v (kB \’ g I o
P(r) = ﬁ( — ﬁ) [1 + == < T > <4+ 1365 + 1365 — 536ﬁ>] , (4.14)

7,6
and the differential equation for Z(r) is given by

D=

0= —3r LS (3 =) Z" (r)=3LOr 10 (r® —13) Z' (r) —420r 2 LO Z () +816r 2 4+2592r(2 . (4.15)

The correction of the dilaton field does not enter into the entropy in which we are interested.
We are going to calculate the entropy from the Wald formula (B.16). In terms of r¢ it

AV Vi ps L1 v (kR \®
§ =202 70 (149191 4.16
2kR11K3%, e\ T ’ (4.16)

is

where the first term is the area of the horizon and the second term is coming from the W
terms. The temperature in terms of rq is

3ro v (kB \®
and the entropy in terms of temperature becomes
83 LOVa Ve ps T v (kR \?
S = 1—-40— . 4.18
9]€R11 "{%0 LG ( L > ( )

Using the relations 27;}2%“ = H%, 2 Vol(CP3) = Vol(S7), 11, = g;/gls and 2x3, =

11 10

(27l11)? /27 one finds
7
2272 N2
§=2T —VQT2{1—L§3)}. (4.19)
325 \3/2

Here also the result is valid for the strong ’t Hooft coupling and for large N. The first

term is the same as the corresponding term in the M-theory. The second term is resulted
from the first o’ correction to the type ITA supergravity action. The structure of this term
is very different from the one loop correction in the M-theory side, but the behavior of
correction as inverse of the 't Hooft coupling is very similar to the familiar AdSs x S° case

in [
5. M5-branes in flat space

The thermal field theory of N M5 branes in flat space is dual to M-theory on Schwarzschild
AdS7 x S*. The entropy of the field theory at the strong coupling is given by the entropy
of the tree-level Schwarzschild AdS solution,

27
S = V5T53—6773N3. (5.1)

— 11 —



In this section we would like to find the one loop corrections to this entropy. The near
horizon geometry of N Mb5-branes at the supergravity level is AdS7 Schwarzschild times
5%, By including the higher derivative terms we need to consider a general ansatz and
again find deformations of this near horizon geometry. Using the observation in M2-brane
case that there is an ansatz in which the area of horizon in terms of the parameter r¢ is
independent of the higher derivative corrections, we use the following ansatz for M5- branes

5
ds? = S75 (r)H%(r) <K2(r)d7-2 + P2(r)dr? + ) dx§> + L2S?(r)d03, (5.2)
=1

where H(r) = 1. At tree-level the above functions are

ko -(1-3) ro-Z0-8) " soo e

where we have changed the variable r in (R.5) to v/rL and made the space-time Euclidean.
The electric field strength at tree-level is also given by Fry, zsr = 62—2. Considering the
fact that the charge of Mb5-branes is independent of the loop corrections, we restrict the
field strength of Mb-branes to the following form

3r7 51
FT:C1...:C5T = FK(T)P(T)S 5 . (54)
The Euclidean action then simplifies to
V5V,
:—ﬁ 524/dr<£+’yw>, (5.5)
2KT
where
R 11 N
L=S"5r"L 3KP<R - 5ﬁFé)) ., W=S"srL3KPW. (5.6)

Here also the right hand side of the Euler-Lagrange equation belong to the next order of
perturbations so we just need to compute it by inserting the tree-level solutions. The value
of W is

9 7‘32 7‘38 7’34
W = S000LF 1533 + 7000m — 110003 + 45625m . (5.7)

Note that only the last term is the value of W for seven dimensional Schwarzschild AdS7
considered in [[[J]. The derivatives of W in (B.]) which appear as source terms for the
equations of motion are

3 1

Wi = — (629887512 — 5507000148 % + 12140072712 4 6351724 ) |

4000 1,9716(76 — r8)z

1

wp = 3 (0~ ) 103087515 — 1810007387 + 6340072712 4 635172

8000 L1720 ’

271 1

W§ = ~5ei5 7T <4599r24 — 4400072 r3? + 234000r%78 — 243625r§4> : (5.8)
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Using the perturbative method to solve the Euler-Lagrange equations, i.e.

S(r) =1 +~Z(r)), (5.9)
one finds the following differential equations
0 = —20000r2(r% — r8) LY (r) — 1200002 LOY (1)
—19053r2* — 364200r21% 4 165210007913 — 1889662513
0 = 20000r 2 L8 (1% — r8)2X" (r) — 12000072 LE(r0 — r8)Y (1)
—19053r30 + 19053r24r§ + 73320012 r3® — 363562503
—1902007 8742 + 3092625r3°

0 = —28800r19L° <r(7‘6 — 2" (r) + (1r8 — 1§ Z'(r) — 72r5Z(r)>

| 993384 5,

= — 10524600721 4- 10108800703 — 1900800712712 . (5.10)

The solution to the first two equations are

X(r)=—-

1600 76 T 320 112 320 718

1 ( 21299 r§ 4999 1% 2749 r(1]8>
= o

6351 2129975 523172 16797r58> (5.11)

Y(r) = —— - 020 0
(r) L6<40000 1600 r6 320 712 320 I8

where ¢ is a constant which can be set to zero by time scaling, up to first order of v. Here
also the differential equation for Z(r) does not have such a simple solution. However we
do not need to know this solution for finding the thermodynamical quantities T' and S in
which we are interested. So we ignore Z(r) from now on in this section.

The temperature of the black hole can be found by surface gravity at the horizon

370 (| 7 105901
222\ " I8 40000 )

k=2nT = \/W \/g?|H (5.12)

Using the ansatz (5.3), one observes that the horizon area in terms of ro does not modify
by the higher derivative corrections so the first term in the Wald formula (B.1€]), which is
the area of horizon at leading order does not modify either. So we need only the tree-level
solution to calculate the first term in the Wald formula (B.16)

4

S — V5V, . 5.13
1= 2511 > 4L ( )
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On the other hand the second term is proportional to =, so to first order of v one has to
replace the tree-level solution into the second term too, i.e.

a7 ry (12597 ~
Sy = —VsVi-2 ——— ). 5.14
27 252 54L<500 L6> (5.14)
So the final result for the entropy in terms of the temperature is

VsVi (212 o s 95651 ~y

S=—|—=m LT 14+ —==. 5.15

212, <35 i 8000 I8 (5.15)

Inserting L = N3k2,27 77> where N is the total number of M5-branes and V; = 8%2, one
finds - g X
2 95651 [ 2w T 3

=VT°( =md N3+ —— [ — (—) 2N ). 1
S=V <367T +8000<3>3 5 (5.16)

Using the same steps as before for obtaining the free energy, one finds the following result
for the free energy

VsValr§ /- 1113661 ~ VsV (2048 ¢ o 95651
_ _Whalrg ) HIS661 5 A SO0 LTS ) (14 22 ) (517
22, 23\ 40000 L° 262, \ 729 " o006 )0 10

which gives exactly the same entropy as in (p.19)
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